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Lecture 3 — Multiple Units and Online Contention Resolution
Lecturer: Will Ma Scribe: Shougiao Wang and Xintong Yu

Here is a summary of results.
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The % result is proven in lecture 1, while the 1 — O < 10,%’“) result is proven in the class.

Prophet Secretary

- Eq[m(o(F))]
f S AULCACDY
FeA(iuo)T vel]  OFF(F) /e

The result is proven in lecture 2. With fluid relaxation discussed in this lecture, the denomina-
tor can be updated to FLU(F).

IID (is strictly easier than Prophet Secretary case)
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The result is proven in this lecture.

Secretary (random order):
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The result is proven in lecture 2.

Unknown/Correlated Distribution: 0, guarantees do not improve with k. This result not
proven in class.



1 Fluid Relaxation

In this lecture, we consider the following fluid relazation for a prophet-type problem with k selec-
tions. The fluid relaxation is defined as

T
FLU(F) = max / F7'(¢q)dg > OFF(F),
{we€l01): 0 me<k} =] J1-a

where FLU(F) is the expected value of the offline optimum, and F; '(¢) denotes the g-quantile of
the distribution Fy. In general, FLU(F) is more powerful than OFF(F). One intuition is that fluid
can avoid “unluckiness”.

For instance, consider the following example:

2 w.p. l,
Vi=Vo= { %
1 wp. 3,

OFF(F) =1.75, and FLU(F)=
Claim 1. For any threshold T > 0, the following inequality holds:

ZIE (Vi — )] + k7 > FLU(F).

Proof. Let {xt}thl be an optimal solution for the fluid relaxation, so that

FLU(F Z/ q)dgq with th <k.
1

Observe that for any real number a and any 7 > 0, we have

(a—1)t+71>a.



Indeed, if @ > 7, then (a — 7)™ = a — 7, and the sum is exactly a. Otherwise, if a < 7, then
(a —7)T =0 and 7 > a. Applying this pointwise with a = Ft_l(q) for ¢ € [1 — x4, 1], we obtain

[F7 M) = 7]+ 72 F N (a) forallge[l—ay,1).

Integrate over ¢ € [1 — x, 1]:

1

1
/ (Flq) — 7] Tdg + T, > / Fy Y (q) da.
1

—T¢ l—LEt
Summing over all t =1,...,T, we have
T 1 T T 1
_ + _
Z/ [F; 1(q)—ﬂ dq+72xt22 F(q) dg.
t=1"1-t t=1 =1 1=t
Since Y1, x4 < k, it follows that
T .1
Z/ [F,7(q) — 7] "dg + kr > FLU(F).
t=1 712

Moreover, note that for each t,

[ -t s [ - = e -0,
1—x¢ 0

which implies

T

> E[(Vi - )"] + kr > FLU(F).

t=1
This completes the proof. ]
Claim 2. If } = F, =---= Fp =F (i.e., the distributions are identical) and T > k, then

FLU(FT) :T/l F~1(q)dq.

k
-7

Proof. By concavity, it is optimal to allocate the same fraction of acceptance to every time period.
In other words, choose

k
xt:T forevery t =1,2,...,T.

Substituting this into the definition of FLU gives

T 1 1
FLU(FT)—Z/ kF_l(q)dq—T/ N g)dg.
t=1"71=-7 -7

This completes the proof. ]



2 IID Setting Analysis

In the IID setting, we assume that each agent’s valuation is drawn independently from the same
distribution F'. The policy is designed by tuning a threshold 7 and a tie-breaking probability p so
that each agent ¢ “clears” the threshold with probability

P(Dt == 1) == T’
where D; € {0, 1} is the indicator for crossing the threshold (i.e., D; ~ Ber(k/T)). The policy is
designed such way to construct a clear comparision with the fluid benchmark.

The performance of the policy is given by

T
P(F") = E[V; | X; = 1] E[X/],
=1

where X; is the indicator that agent ¢ is accepted. By designing the policy so that an agent that
clears the threshold has conditional expected value

1 1
EVi | X, =1] = - / F(q) dg,
T J1-%

and noting that the total expected number of accepted agents is E [Zthl Xt}, we can write

1
P(F") = (i/l ) F_I(Q)dQ> E
EJ s

T

T

> .
t=1

This expression can be rearranged to yield

FLU(FT
UPE ) &

P(FT) =

win(Bin(7, ), k)] ,

where FLU(FT) denotes the fluid relaxation value for T' agents with distribution F.
Taking the limit as T" — oo, we obtain

P(FT) > FLU(FT) % Jim E [min(Bin(T, %) k:)] :

Intuition: A splitting argument (details omitted) shows that the performance of the threshold
policy is closely related to the fluid relaxation value.

Since a Bin(T, k/T") random variable converges in distribution to a Pois(k) random variable as
T — o0, we have

P(FT) = FLU(FT) %E{min(Pois(k), k)}
= FLU(FT) (1 - ekkk>

~ FLU(FT) <1— ! )
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where the final approximation uses Stirling’s formula.

Thus, the performance of the IID policy is tightly linked to the fluid relaxation value, with
the multiplicative factor <1 —ek %I,C) (or its asymptotic equivalent) quantifying the effect of the

stochastic acceptance process.
Note that as k — oo, can get converges 100%.

3 Concentration Inequality Analysis

Prophet Setting Recall: For a threshold policy, we have

P(F) > min{Pr [D < k} E[min{% 1}]} <ZE[(Vt _ T)+} + 7-l<;> : (1)
where

e D =), Dy, the total number of people clearing the threshold, and

e (z)t = max{x,0}

Recap from Last Session: Last time we want to set Pr [D < k‘} equals to E[min{%, 1”
Recall that we established
ZE[(Vt - r)+] + 7k > FLU(F).
¢

Focus on the Regime of Large k: In today’s analysis we assume that k is large. In particular,
we set

E[D] = k(1 — )

for some € € (0, %) and aim to show that the random variable D is tightly concentrated around

its mean.

Concentration Bound for D: Fix € € (0,1) and suppose that D is the sum of independent
Bernoulli random variables (i.e., a Poisson binomial random variable). Then, the multiplicative
Chernoff bound states that

Pr||D —E[D]| > eE[D]} <2 exp(—% eQE[D]).



Lower Bound on Pr[D < k|: Substituting E[D] = k(1 — ¢) yields

€
1—c¢

k(1 — 6)} <2 exp(—1 <k ) <2 exp(—%gk).

Pr[\D—E[DHz
31—c¢

Choosing

3logk
2 _
=

€

we deduce that ) 5
2 exp(—g e2l<:> =2 exp(—logk) = T
Thus
2

Pr[D < k] > 1-Pr[|D~E[D]| > ¢E[D] | > -2

Lower Bound on E [min{%, 1}} :  Using the above concentration result, we can lower bound the

expected acceptance ratio. In particular, observe that

E[min{%1” > E[M(kl_e) Pr[D > E[D](1 - e)}.

Since E[D] = k(1 — ¢) and with our choice of € the deviation probability is at most 2/k, we obtain

sfonf 2] = (- TE) (- )

Expanding for large k gives

. (D 3logk 2 3logk 2 log k
E[ {7’1”><1_2 )(1—f)>1—2,/ _ 2 ( )
PR K k)= k& oW %
This analysis shows that for large £ the term E[min{D /k, 1}] is very close to 1, up to an error

term of order O (w / 10% k) The O( loik ) error term is associated with the “threshold” policy, and

requires an “adaptive policy” to eliminate the error term. This concentration result is crucial for
relating the performance of the threshold policy to the fluid relaxation benchmark.

4 Online contention Resolution Schemes

4.1 Online Contention Resolution Schemes (OCRS)

We consider a setting with 7" agents, indexed by ¢ € [T, each of which becomes active independently
with probability z; € [0, 1]. Define

1, if agent t is active,
0, otherwise.

The algorithm can accept only active agents and is subject to a capacity constraint of k; that is,
at most k agents can be accepted. We also assume the budget condition

T
Z Tt S k.
t=1
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Objective: c-Selectable
The goal is to design an online algorithm that, for each agent ¢, ensures
Prlagent ¢ is accepted] > ¢ - x4,

where c is as large as possible. When this property is achieved, we say that the algorithm is
c-selectable.

Special Case (k =1): It is known that for k = 1, one can achieve ¢ = %

Algorithm: A common algorithm works as follows: process agents in order, and if agent t arrives
active (i.e., Dy = 1) and no previous agent has been accepted (i.e., Dy, = 0), accept agent ¢ with
probability

1/2
1 )
L=3 > e
which is always at most 1.
Inductively Prove:
1 1/2 1
E[Xt] = .%'t(l — *Q}ﬂ)l— = =Tt
; DL Y

4.1.1 Example with £ =2

We illustrate the tension between accepting agents early versus preserving capacity for later arrivals

with a small example:

1
](IIQ, T:3, $1:1,$2:x3:§.

Thus, each of the three agents arrives with probability 1. We have two available slots in total. We
want to show ¢ = % is possible

Naive Algorithm Consider the following simple algorithm as outlined below. The decision tree
is sketched.

e Agent 1: Accepted with probability 3/4.
e Agent 2:

— If Agent 1 was accepted and z9 = 1, we accept Agent 2 with probability 2/3.
— If Agent 1 was rejected and xo = 1, we again accept Agent 2 with probability 1.

Overall, Agent 2 also has acceptance probability % = 332(% . % + %) = %xz.
e Agent 3:
— If there are any slot remains, and x3 = 1, we accept Agent 3.

A quick calculation shows that the overall acceptance probability for Agent 3 is %1’3.



Agent 1 arrives
N
1 slot 2 slots
remains remain
Agent 2 arrives Agent 2 arrives
(D2 =1 w.p. 1/2) (D2 =1 w.p. 1/2)
Y N N
0 slots remain 1 slot remains 2 slots remain
for Agent 3 for Agent 3 for Agent 3
w.p. 1/4 w.p. 5/8 w.p. 1/8

Observation: Coordination Between “Parallel Worlds” The key insight is that an OCRS
algorithm must coordinate its acceptance probabilities across the different possible “worlds” (branches
of the decision tree) so that no agent is at a disadvantage. If we want each agent ¢ to have accep-
tance probability > cx; for some ¢, we must carefully tune the acceptance probabilities to “save
room” for later agents and avoid saturating capacity too soon.

4.2 k-Unit OCRS via Linear Programming

To analyze the general k-unit OCRS problem, we introduce an LP formulation that captures the
acceptance probabilities and the evolution of available capacity.

Notation

e f3!: the probability that [ units remain when agent ¢ arrives.

e al: the probability of accepting agent ¢ when there are [ units remaining.

k+1

We impose the convention a; ™' := 0 and require ol > 0 for all ¢, .

Constraints

(1) OCRS Guarantee:

k
czy < Zai, Vt.
=1

This constraint ensures that the overall acceptance probability for agent ¢ is at least ¢ xy.

(2) OCRS Rules:
ai < ,Bé xy, Vi, .

Since an agent can only be accepted if it is active and there are [ units available, this constraint
bounds af.



Evolution of Capacity

The available capacity evolves according to the rule:
1, ift=1and =k,
Bl =10, ift=1and <k,
By —al_  +alt], ift>1,1¢€lk].

Here, B! is the probability of having [ units remaining when agent ¢ arrives, and o} represents the
probability of accepting agent ¢ with [ units remaining.

Optimal Structure

Theorem 1 (Optimal Structure, Proof Omitted). In an optimal solution to the LP, the variables
ol satisfy
ol = min{ﬂé Tt, CTy — Zai/} Vi, L.
>l
This structure can be interpreted as a “water-filling” procedure: for each agent t, we allocate
acceptance probability starting from the highest available capacity, ensuring that we do not exceed
Bz, and we fill until the total acceptance probability reaches cx;.

Instance Optimality and Worst-Case Analysis: The LP gives an instance-optimal guarantee
c. It turns out that the worst-case (smallest) ¢ occurs when
k

xtzf Vt, and T — oo,

a regime that is often referred to as the “Poisson regime.” In this case, the acceptance probabilities
must be coordinated carefully to avoid exhausting capacity too early, hence the familiar intuition of
“always saving a spot for the last person.” Note, this is typical when comparing to fluid benchmark,
which addresses a potential weakness of this analysis.

The worst case performance is

1
1-0(—
7

4.3 1-Unit Random-Order CRS (RCRS)

In the random-order setting, agents arrive in a uniformly random order. We consider the case k = 1
and show that one can achieve a (1 — 1)-selectable CRS.

Setup
Assume that each agent t is assigned an arrival time
Y; ~ Unif]0, 1],

so that agents are observed in increasing order of Y;. Since the agent arrives in random order, we
no longer need to save the spot for the last one. The algorithm works as follows:



Algorithm for k=1

When agent ¢t arrives at time Y; = y:

1. If the slot is still available and agent t is active (i.e., Dy = 1), then accept agent ¢ with
probability given by the outcome of a Bernoulli random variable with parameter

e YT,
Theorem

Under the above algorithm, assuming Zthl x; < 1, we have

E[X,] > (1 . é)xt

That is, the scheme is (1 — 1)-selectable. (Recall that X; is the indicator of ¢ being selected.)

Proof

We condition on the arrival time Y; = y:

1
E[X:] = /0 E[Pr(accept ¢ | Y; = y)]dy.

When agent ¢ arrives at time y, it is active with probability z; and is accepted with probability
e Y%t provided the slot is still available. The probability that the slot is free at time y can be
expressed (after some calculations) as

T
y
H <1 — xt// e 2T dz> = exp(—y Z :L't/).
14t 0 =1
Thus, we have
1 1 T
E[Xy] = xt/ e YT exp (—y Z xt/)dy = a:t/ exp(—y Z xt/>dy.
0 0

t#t t'=1

Since Y1 _, xp < 1, it follows that

1 T 1 1
/ exp(—y xt/)dy > / e Ydy=1-——.
0 0 e

/=1
Hence,
1
E[Xt] 2 (1 - *)l‘t.
e

4.4 Equivalence with Prophet Inequalities Relative to Fluid

In this section, we explore how Online Contention Resolution Schemes (OCRS) connect to Prophet
Inequalities through a fluid (fractional) benchmark. We consider a family of downward-closed
feasible sets and show how the fluid-based LP bound (often called the “FLU” benchmark) upper-
bounds the offline optimal solution and can be matched (up to a constant factor) by an online
algorithm when a suitable OCRS is available.
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General Problem Definition.

e We have T agents, each agent ¢ € [T'] arriving (or being “active”) with probability z; € [0, 1].
Let D; be the indicator for agent ¢ being active.

e Feasibility Constraints: F is a downward-closed family of subsets of [T']. That is, if S € F
and S’ C S, then S’ € F as well. e.g. F ={S C[T]:|S] <k}.

e We can only accept active agents, and the set of accepted agents at the end must lie in F.
Because F is downward-closed, this imposes that the set of accepted agents at any point in
time must belong to F.

Examples In general, there are a wide variety of ”packing” or ”resources” constraints

1. Knapsack. Suppose we have a single knapsack of capacity 1, and each agent ¢ has a size

st € [0,1]. Then
F={scm|Y s <1}

2. Network Revenue Management. Suppose there are multiple resources i (each with ca-
pacity k;). Agent t requires 1 unit of resource i if a;; = 1 (and requires none if a; = 0). The
feasible sets are those that do not exceed capacity on any resource:

F={scm|Yam <k vi}.

tes

3. Matroid or Graph Matching. In a matroid (or matching) setting, F is the collection of
all independent sets. For graph matching, F is the family of matchable sets of edges. Can
think agents are edges in a graph, and each edge uses exactly 2 resources.

Notation for Valuations and Benchmarks. Each agent ¢ has a random valuation V; drawn
from some distribution Fj. Let F = (Fy,..., Fr) be the product distribution. We consider:

¢ OFF(F) = Ey.p [maXSG_;- Sies Vt}

e A fluid (fractional) benchmark FLU(F) based on solving an LP with variables {z;} subject
to x € P, where P C [0,1]7 is a convex relaxation of F.

Proposition 1. (Fluid upper bound on the offline optimum.) Suppose there is a convex set
P C [0,1]7 such that for every S € F, the characteristic vector 1g € P. Then for any valuation
distribution F,

1

T
_ -1 _
OFF(F) = Ev.r [%13}{5 V}} < max ) R0 = FLU(F).
tes z+€[0,1], te[T] t=1 t
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Proof. Let X € {0,1} be the indicator that agent ¢ is chosen by the optimal offline solution on
a particular valuation profile V. Thus,

T

OFF(F) = Ey.p [ZWX;]
t=1

Since the chosen set S = {t: X; = 1} must lie in F, we have 1g € P. By convexity of P, it follows
that the expectation of these indicators also lies in P, i.e. (E[X}]) terr] € P. Define

vy = E[X{].

Using an integral representation of expectations for V; ~ F;, we have

T T 1
SEVX] <> [ R0
t=1 t=1"1-2
Since (x}) € P is a feasible solution for the fluid LP, we obtain
T
OFF(F) < Tea%{; /1 N F7Yq)dg = FLU(F).

Proposition 2. (From c-Selectable OCRS to Prophet Inequality.) If there exists a c-selectable
OCRS for a downward-closed family F, then for any product distribution F € A(REO)T, we can
design an online accept/reject algorithm whose expected performance P(F) is at least ¢- FLU(F).

Proof.

1. Solve the Fluid LP. Compute the fractional solution (x;)]_; that maximizes

T 1
Z/ Ftil(‘I) dgq
=1 1—x

subject to z € P.

2. Construct “Active” Agents. For each agent ¢, draw an independent @); ~ Unif[0, 1] and
define Dy =1 (“active”) if and only if Q; > 1 — x4. Thus, Pr[D; = 1] = a4.

3. Run the c-Selectable OCRS. Given that each agent t is “active” with probability x;, the
c-selectable OCRS guarantees that the probability of agent ¢ being accepted is at least ¢ z;.

4. Bound on Expected Performance. By definition of the fluid objective,
P(F) > Z(c:vt) — / FYq)dg = ¢ - FLU(F).
t=1 Tt J1-a

e cxy: the probability of accepting agent ¢
e the expected fluid value given Q; > 1 — x; is fllixt F(q)dq

Hence we obtain the desired prophet inequality guarantee.
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Interpretation. Proposition 2 shows that if we can resolve contention online with a fraction c
of the fluid benchmark for each agent, then we can translate this into a c-approximate prophet
inequality for the original problem. Conversely, developing improved OCRS implies improved
prophet inequalities relative to the fluid LP bound.
4.5 Polytope
Ideal Polytope: P* = conv{lg : S € F}

e P for k-unit: {x € [0,1]T : >, 24 < k} = P*

e P for knapsack: {x € [0,1]T : Y, s;zy < k} 2 P*

e P for NRM (Network Revenue Management): {x € [0,1]7 : 3", a; 2t < k;} for all . P 2 P*

The problem with loose P is loose guarantee.

Proposition 3. Suppose we have algorithm that can gurantee w(F) > ¢FLU(F) for all F €
A(R>0)?. Then we have c-selectable OCRS.

Proof. (Assume known order)

Given x € P. Consider instances where Fy = r; - Ber(z;) Vt. Further let ), xyry = 1.
With the Ber(z;) operation, we know FLU =), zr,

Define pf : probability that policy 7 accepts t.

min J
st. J> prrt =m(F) dual variable: z;, = € I1{0, 1}
t
thrt =1 dual variable: ¢
t=1
Tt Z 0 Vt

By assumption, optimal objective value is at least c. For now, we can assume the LP is of finite
dimension, since 7w maps history to zero or nonzero. The dual program is

min ¢
st. dzy < przw Vit
™

Z zr =1

well{0,1}
zr > 0Vm eIl

The constraint dx; < > _pfz, Vt shows that if we take expectation over a distribution of 0-1
accept /reject policy, the probability of accepting each agent ¢ is at least ¢’z;. By strong duality,
the solution to dual program is at least c. So there exists solution ¢’ = ¢ and we know such policy
exists.
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Bibliographical notes. The analysis for the IID special case is copied from Ma et al.| (2021)),
with the main technical lemma originating from [Yan (2011). The concentration inequality analysis
for multiple units comes from Hajiaghayi et al.| (2007)). The multi-unit OCRS results come from
Jiang et al. (2022)). The slick analysis for 1-unit RCRS and the equivalence with fluid-relative
prophet inequalities come from Lee and Singlal (2018)).
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